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Abstract. The k-core is commonly used as a measure of importance
and well connectedness for nodes in diverse applications in social networks and bioinformatics. Since network data is commonly noisy and
incomplete, a fundamental issue is to understand how robust the core
decomposition is to noise. Further, in many settings, such as online social media networks, usually only a sample of the network is available.
Therefore, a related question is: How robust is the top core set under
such sampling?
We find that, in general, the top core is quite sensitive to both noise
and sampling; we quantify this in terms of the Jaccard similarity of
the set of top core nodes between the original and perturbed/sampled
graphs. Most importantly, we find that the overlap with the top core
set varies non-monotonically with the extent of perturbations/sampling.
We explain some of these empirical observations by rigorous analysis in
simple network models. Our work has important implications for the use
of the core decomposition and nodes in the top cores in network analysis
applications, and suggests the need for a more careful characterization
of the missing data and sensitivity to it.

1

Introduction

The k-core Ck (G) of an undirected graph G = (V, E) is defined as the maximal
subgraph in which each node has degree at least k; the core number of a node is
the largest k such that it belongs to the k-core (i.e., v ∈ Ck (G)). The set Sk (G) =
Ck (G) \ Ck+1 (G), consisting of nodes with core-number k, is referred to as the kshell; the core decomposition (i.e., the partitioning into shells) can be computed
efficiently and combines local as well as global aspects of the network structure.
This makes it a very popular measure (along with other graph properties, e.g.,
degree distribution and clustering coefficient) in a wide variety of applications,
such as: the autonomous system level graph of the Internet [6,3], bioinformatics
[18,26], social networks and epidemiology [20,17]; some of the key properties that
have been identified include: the well-connectedness of the nodes with high core
number and their significance in controlling cascades.
In most applications however, the networks are inferred by indirect measurements, e.g.: (i) the Internet router/AS level graphs constructed using traceroutes,
e.g., [12], (ii) biological networks, which are inferred by experimental correlations,
e.g., [18,26], (iii) networks based on Twitter data (related to which there is a

growing body of research, e.g., [17,4,16]), in which a limited 1% sample can be
constructed by the APIs.3 Therefore, networks studied in these applications are
inherently noisy and incomplete; this raises a fundamental issue in the use of
any graph property P(G) for graph G: How does the property, and conclusions
based on it get affected by the uncertainty in G? Is there a smooth transition
in the property with the uncertainty,4 and is it possible to quantify the error in
the observed measurement? An example of such an issue is the nature of degree
distributions of the Internet router graph and its vulnerability: several papers,
e.g., [12] observed that these are power laws. Achlioptas et al. [1] showed that
there are significant sampling biases in the way traceroutes (which are used to
infer the network) work; for a broad class of networks, they prove that such
inference methods might incorrectly infer a power-law distribution (even when
the underlying network is not).
Our work is motivated by these considerations of the sensitivity to noise
and the adequacy of sampling. Specifically, we study how results about the core
decomposition and top cores in the network, e.g., [6,3,18,26,20,17], are affected
by the uncertainty, noise and small samples (as in the case of online social
media networks). Such questions have been studied in the statistical physics
literature, e.g., [10], who show that there is a threshold probability for random
node deletions in infinite networks, above which the k-core disappears; it is not
clear how relevant such results are to real world networks, which are finite and
do not satisfy the symmetries needed in such results. Hamelin et al. [3] report
robustness of their observations related to the shell structure in the Internet
router graph, for specific sampling biases related to traceroute methods. We are
not aware of any other empirical or analytical work on the sensitivity of the core
decomposition.
Since there is very limited understanding of how noise should be modeled, we
consider three different stochastic edge perturbation models, which are specified
by how a pair u, v of nodes is picked: (i) uniformly at random (ERP, for ErdősRényi perturbations), (ii) in a biased manner, e.g., based on the degrees of u, v
(CLP, for Chung-Lu or degree assortative perturbations), and (iii) by running
a missing link prediction algorithm, such as [8] (LPP, for link prediction based
perturbations); see Section 3 for complete definitions. We also study a model of
stochastic node deletions. Let α denote the fraction of nodes/edges perturbed;
typically we are interested in “small” α.
A complementary aspect (particularly relevant in the context of sampled
data from social media such as Twitter) is the effect of sampling. We consider
edge/node sampling with probability p (i.e., corresponding to deletion with probability 1 − p). We study the following question: can the properties of the core
structure be identified by small edge/node samples, i.e., corresponding to small
p? In our discussion below, we use G′ to denote the graph resulting from per3
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Larger samples, e.g., 10% can be obtained form Twitter’s commercial partners for a
large fee.
As observed in the case of centrality measures by [5], who claim that there is a
gradual decrease in the accuracy of the centrality scores.

turbation/sampling of a starting graph G. Let kmax (G) denote the maximum
core number in G. We study the Jaccard similarity, ηj (G, G′ ), between the set
of nodes in the top j-cores in G and G′ ; we sometimes informally refer to ηj as
the “similarity” between the top cores. Our main results are summarized below.
1. Sensitivity to Noise. We consider perturbations with α ranging from less
than 1% to 10%. We find that ηj and the shell structure shows high sensitivity
to edge/node perturbations; however, the precise effects are very network and
noise model specific. Further, η1 is quite sensitive in the CLP model for many
networks: perturbation with α < 5% can alter η1 by more than 20% in some
networks. More importantly, we find that in a large fraction of the networks,
ηj exhibits a non-monotone behavior as a function of α. This can be a serious issue in some applications where the core structure is used, and needs to
be examined critically. The sensitivity decreases as we increase j, but ηj varies
non-monotonically with j as well. In contrast, the top cores seem quite stable
to perturbations in the ERP model, which primarily affects the shell size distribution in some networks. The LPP model seems to affect both the low and high
cores. Further, node perturbations (modeled as random deletions) seem to have
a much higher impact than edge perturbations, in general. It is intriguing that
co-authorship and citation networks seem to be generally much more stable compared to influence and infrastructure networks. Further, we observe that sudden
changes in the similarity index are almost always accompanied with increase in
kmax .
This motivates the CorePerturbation problem: given a graph G and a parameter k, what is the probability that a k-core forms in G after perturbation, if
it did not have a k-core initially. We prove that this problem is #P-hard, which
suggests rigorous quantification of the variation in the top core even in such
simple stochastic noise models is quite challenging. We attempt to further understand and explain the empirical observations analytically using simple mathematical models. We also prove that under some weak assumptions that usually
hold in social networks, the low core numbers can be altered quite significantly
in the ERP model.
2. Sensitivity to Sampling. We find most networks exhibit a high level of sensitivity to sampling, and ηj is a noisy and non-monotone function of p, especially
when p is close to 1; there is higher level of sensitivity to node sampling than
to edge sampling. For most of the networks we study, identifying a reasonably
large fraction (say 80%) of the top core set requires a fairly high sampling rate
p: higher than 0.6 in most networks, and as high as 0.8 in some. Specifically, in
the case of a Twitter “mentions” graph (see Section 3.2 for details), we find that
this entails a much higher level of sampling than what is supported by the public
API. Further, biased sampling based on edge weights can improve the similarity
index slightly. We analyze the effects of sampling to help explain some of these
results. We show that the maximum core number in Gp scales with the sampling
probability, and that non-monotonicity under sampling is an inherent aspect of
the Erdős-Rényi model. We also find that the top core can be very fragile, and
can change completely even for very low sampling rate.

Organization. We briefly discuss the related work in Section 2. We introduce
the main definitions, and summarize our data sets in Section 3. We discuss the
sensitivity to noise and the effects of sampling in Sections 4 and 6, respectively.
In Section 5, we discuss the CorePerturbation problem, and conclude in
Section 7. Because of limited space, we present many of the details in the full
version [2].

2

Related Work

Noise and sampling biases in networks are well recognized as fundamental issues in applications of complex networks, and many different models have been
studied for it. A common approach in social networks, e.g., [9,5], is to examine
stochastic node and edge deletions. There is a large body of work on predicting missing links in complex networks (based on expected clustering and other
structural properties), e.g., [8], which could also be used as a possible candidate
set. Since there is no clear understanding of noise/perturbations, we study three
different models from the literature in this paper.
We briefly discuss a few of the results on understanding the impact of uncertainty on network properties. The impact of sampling bias on the properties of
the Internet router graph [1] was already mentioned earlier. There has also been
a lot of work in understanding the sensitivity of centrality to noise, e.g., [9,5]; it
has been found that the impact on the centrality is variable and network dependent, but the general finding in [5] is that the accuracy of centrality measures
varies smoothly and predictably with the noise. Morstatter et al. [22] study the
effects of limited sampling in social media data by analyzing the differences in
statistical measures, such as hashtag frequencies, and network measures, such as
centrality.
The work by Flaxman and Frieze [14,15] is among the very few rigorous
results on the impact of perturbations on network parameters— they rigorously
analyze the impact of ERP on the diameter and expansion of the graph. The
issue of noise has motivated a number of sampling based algorithmic techniques
which are “robust” to uncertainty, in the form of “property testing” algorithms,
e.g., [25] and “smoothed analysis”, e.g., [27].
Finally, we briefly discuss some of the work on the core decomposition in
graphs. As mentioned earlier, the core number and the top core set has been used
in a number of applications, e.g., [6,3,18,26,20,17], in which the shell structure
and the top core sets have been found to give useful insights. Conditions for
existence of the k-core, and determining its size have been rigorously studied in
different random graph models, e.g., [24,13]; the main result is that there is a
sharp threshold for the sudden emergence of the k-core in these models. This has
also been analyzed in the statistical physics literature, e.g., [10]; these papers also
study the impact of node deletions on the core size in infinite graphs, and show
a characterization in terms of the second moment of the degree distribution.

3

Definitions and Notations

The k-core Ck (G) of an undirected graph G = (V, E) is defined as the maximal
subgraph of nodes in which each node has degree at least k; the core-number of
a node v is the largest k such that v ∈ Ck (G). The set Sk (G) = Ck (G) \ Ck+1 (G)
is referred to as the kth-shell of G; we omit G, and refer to it by Sk , when the
graph is clear from the context. The set Ck (G), if it exists, can be obtained by
repeatedly removing vertices of degree less than k until no further removal is
possible. The maximum k such that Ck (G) 6= φ will be denoted by kmax (G); we
use just kmax , when there is no ambiguity. The core decomposition of a graph
G corresponds to the partition S0 , S1 , . . . , Skmax of V . Let si = |Si |. We use
β(G) = hs1 , s2 , . . . , skmax i to denote the vector of shell size distribution in G.
The Jaccard index is a measure of similarity between two sets and is defined
as follows: For sets A and B, JI(A, B) = |A∩B|
|A∪B| . In our empirical analysis of
networks we compare the top j cores of the unperturbed and the perturbed
graphs using the Jaccard index. For this purpose we introduce the notation
ηj (G, G′ ) := JI (∪i≥kmax −j+1 Ci (G), ∪i≥kmax −j+1 Ci (G′ )). The variation distance
between the core-number distributions of P
two graphs G and G′ on the same
1
′
vertex set V is defined as, δ(G, G ) = 2|V | i |si (G) − si (G′ )|. We say that an
event holds whp (with high probability) if it holds with probability tending to
1 as n → ∞.
3.1

Noise Models

Since there is no clear understanding of how uncertainty/noise should be modeled, we introduce a generalized noise model for edge perturbations which captures most models in literature, and also enables us to control separately the
extent of addition and deletion. Let G be the unperturbed graph. Let G = G(n)
denote a random graph model on n nodes which is specified by the probability
PG ((u, v)) of choosing the edge (u, v). We define a noise model N (G, G, ǫa , ǫd )
based on G as a random graph model where the edge probability between a pair
u, v is given by

ǫa PG ((u, v)) , if (u, v) ∈
/ EG ,
PN ((u, v)) =
(1)
ǫd PG ((u, v)) , if (u, v) ∈ EG ,
where ǫa and ǫd denote the edge addition and deletion probabilities, respectively. The perturbed graph G′ = G ⊕ R is obtained by XORing G with R ∈
N (G, G, ǫa , ǫd ), a sample from the noise model, i.e., if (u, v) ∈ EG , then it is
deleted with probability ǫd PG ((u, v)), but if (u, v) ∈
/ EG , (u, v) is added with
probability ǫa PG ((u, v)). Depending on how we specify PG and the parameters
ǫa , ǫd , we get different models; we consider three specific models below.
Uniform Perturbation (ERP): In this model we set G = G(n, 1/n), the ErdősRényi random graph model where each edge is chosen with probability 1/n independently, i.e., PG ((u, v)) = 1/n. We use the following notation for this model:
ERP(G, ǫa , ǫd ) = N (G, G(n, 1/n), ǫa , ǫd ). For example, ERP(G, ǫ, ǫ) corresponds to

adding an edge or removing an existing edge independently with probability ǫ/n,
while ERP(G, ǫ, 0) corresponds to only adding edges. This is the simplest model,
and has been studied in social network applications, e.g., [9,5].
Degree Assortative Perturbation (CLP): In this model, G corresponds to
the Chung-Lu random graph model [7] for graphs with a given expected degree
sequence. Each node u is associated with a weight wu (which we take to be
its degree), and edge is chosen independently with probability proportional to
the product of the weights of its endpoints, i.e., PG ((u, v)) ∝ wu · wv = d(u) ·
d(v). This model selects edges in a biased manner, and might be suitable in
applications dealing with assortative graphs with correlations between degrees
of the end points of edges, which has been observed in a number of networks,
e.g., [23].
Link Prediction Based Model (LPP): Instead of the purely stochastic ERP and
CLP models, we use the results of a missing link prediction algorithm to determine
which edges to perturb. Here, we use the algorithm of Clauset, et al. [8], which
has been used quite extensively in the social network literature; further, since it
uses a hierarchical random graph model, it can be viewed as an instance of our
generalized noise model. This model is based on the assumption that many reallife networks have a hierarchical structure, which can be represented by a binary
tree with n leaves corresponding to the node (referred to as a “dendrogram”).
Given such a dendrogram D, each internal node r is associated with a probability
r
, where Lr and Rr are the number of leaves in the left and right
pr = LE
r Rr
subtrees of r respectively and Er is the number of edges between Lr and Rr
Lr Rr −Er
r
. The
in G. The likelihood of D is defined as: L(D) = Πr pE
r (1 − pr )
algorithm of [8] specifies the probability, PD ((u, v)), of an edge between two
vertices u, v, to be the value pr , where r is the lowest common ancestor of u and
v in D.
In the ERP model, the expected number of perturbed edges is ≈ nǫ/2. For
the purpose of fair comparison of noise models, we have normalized the weights
of vertices in the CLP model such that the expected number of perturbed edges
is again ≈ nǫ/2. We use Gǫ to denote the perturbed network. In the LPP model,
we add edges as prescribed [8]; nǫ/2 edges are added in the decreasing order of
their associated probabilities.
Additions vs Deletions: We find that, due to sparsity of the networks considered, perturbations involving edge additions/deletions do not alter the results
by much, compared to perturbations involving just edge additions. Hence, unless
explicitly specified, we only consider addition of edges. Also, henceforth, whenever we use the truncated notations ERP and CLP, we refer to ERP(G, ǫ, 0) and
CLP(G, ǫ, 0), respectively.
Noise could also manifest in terms of missing nodes. We study a model of
random node deletions with probability 1 − p (which corresponds to retaining
nodes with probability p); we study the effect of this in the form of sampling in
Section 6, instead of perturbations.

3.2

Data

In order to make our results as robust as possible, we analyze over 25 different real (from [21]) and random networks. We also used a Twitter mentions
graph, constructed in the following manner: we consider a set of about 9 million
tweets (corresponding to a 10% sample, obtained from a commercial source),
and construct a graph on the Twitter users, in which an edge (u, v) denotes a
mention of user v by user u (in the form of an “@v” in the tweet) or the other
way around; this graph has over 2 million nodes and about 4.6 million edges.
We then considered subgraphs constructed by sampling edges with probability p ∈ [0.1, . . . , 0.99]; for p ∈ [0.1, . . . , 0.8], we use increments of 0.1, but for
p ∈ [0.8, 0.99], we use increments of 0.01, in order to increase the resolution. Finally, we also consider random graph models with Poisson and scale-free degree
distributions. Table 1 contains a summary of the graphs analyzed.
Table 1. Real-world and synthetic graphs used in our experiments and their properties.

Network
As20000102
Autonomous Systems Oregon1010331
Oregon2010331
Astroph
Condmat
Co-authorship
Grqc
Hepph
Hepth
HepPh
Citation
HepTh
Email-EuAll
Communication
Email-Enron
Epinion
Social
Slashdot0811
Soc-Slashdot0902
Twitter
Wiki-Vote
Twitter “mentions”
Gnutella04
Internet peer-to-peer
Gnutella24
Synthetic graphs
Regular (d = 20)

Class
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N
6474
10670
10900
17903
21363
4158
11204
8638
34546
27770
265214
33696
75877
77360
82168
22405
7066
2616396
10876
26518
10000

E
kmax |Ckmax (G)|
12572
12
21
22002
17
32
31180
31
78
196972 56
57
91286
25
26
13422
43
44
117619 238
239
24806
31
32
420877 30
40
352285 37
52
364481 37
292
180811 43
275
405739 67
486
469180 54
129
504230 55
134
59898
20
177
100736 53
336
4677321 19
210
39994
7
365
65369
5
7480
100000 20
10000

Sensitivity of the Core Decomposition to Noise

We now study the effect of node/edge perturbations on the similarity index
ηj (G, G′ ), and the changes in the shell size distribution β(G) in terms of the
variation distance, δ(G, G′ ) (see Section 3 for definitions). We study these quantities on the networks mentioned in Section 3.2 and for the perturbation models
discussed in Section 3.1. For the ERP and CLP models, we compute 100 to 1000
instances, for each choice of ǫ, over which ηj (G, G′ ) and δ(G, G′ ) are averaged.
The methodology for the LPP model is discussed later.

4.1

Sensitivity of the Top Cores

1. Sensitivity of the Top Core in the CLP Model: Figure 1 shows the variation
in η1 (G, G′ ) for different networks in this model. The figure shows the variation
with both ǫ and α (the fraction of edges added), the latter to account for the
difference in the graph sizes. The most striking observation is the high sensitivity
of η1 and its highly non-monotonic variation in a large fraction of the networks.
The specific points where significant jumps in η1 happen correspond to the points
where kmax changes in many cases, as shown in Figure 1(c). The specific behavior
is highly variable and network dependent. For example, we note that while the
top cores in collaboration and citation networks are, in general, highly resilient
to perturbation, most social and peer to peer networks show great variation.
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Fig. 1. Top core comparison for various networks under degree-weighted edge perturbation CLP: Here, (c) is a zoomed plot of (b). This is complemented by a plot of
kmax (G′ ) − kmax (G) to depict the transition to a higher core and its effect on η1 (G, G′ ).

2. Sensitivity of the top core in the ERP Model: In contrast to the CLP model, we
find that top cores are much more stable in the ERP model. The main reason for
this stability is the fact that almost all networks considered here have very small
fraction of nodes in the top core(s) (as shown in Figure 7 in the full version [2]),
so that most of the edges in the ERP model are added to low core nodes

5

3. Explaining the Differences Between the CLP and ERP Models: We note that in
the CLP model, the higher the degree of a node in the unperturbed graph, the
greater is the number of edges incident with it after perturbation. This polarizing
nature of the model needs to be taken into account to infer and quantify the
stability of the top core. Figure 6 in the full version [2] shows scatter plots of
core number vs. degree for some selected graphs. Even though it gives some
idea about the behavior of the top core, we find it highly non-trivial to quantify
the stability in any way. Later, in Section 5 we will be considering a theoretical
formulation of this problem and showing that such a quantification of stability
is in general hard.
4. Sensitivity of the Top 5 Cores: We extend our empirical analysis to ηj (G, G′ )
for j = 1, . . . , 5 in Figure 2. Note that the non-monotonic behavior is mitigated
in these plots, but ηj varies non-monotonically with j. However, as j is increased,
the size of Cj can become very large, thus diminishing the main utility of the
top cores in most applications.
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Fig. 2. Top 2–5 cores comparison (ηj (G, G′ ), j = 2, . . . , 5) with respect to % increase
in edges (α). The legends are the same as in Figure 1.

5. Sensitivity in the LPP Model: We considered the stability of the top cores
in the LPP model by applying the link prediction algorithm given in [8]. We
first generated the list of likelihood probabilities for each possible edge. For this
purpose, we used the implementation of [11]. The edges were then added in the
descending order of their probabilities. As shown in Figure 3(a) for a subset of
graphs, the variation in η1 is very network specific, and hard to characterize.
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Fig. 3. Core stability with respect to LPP and ERP.

4.2

Sensitivity of the Shell Size Distribution and the Low Cores

To study the effect of perturbation on the core decomposition of a network, we
consider the variation distance δ(G, G′ ) (defined in Section 3). The results are
in Figure 3(b). As discussed above, the ERP model has greater impact on the
overall core-structure compared to the CLP model; in the ERP model, changes
happen to lower core structure which contain most of the nodes and hence leads
to large variation distance. We observe no significant change in δ(G, G′ ) under
the CLP model, as is evident from Figure 7 in [2].
We attempt to explain some of the observations about the changes in the
core structure analytically. First, we consider the impact of perturbations on the
2-core in any graph in the ERP model, and prove that for any constant ǫ > 0,
the 2-core always becomes of size Θ(n), which is consistent with the results in
Figure 7 in [2]. Our results are similar in spirit to the work of [14]. This only
explains the changes in the lowest core, and in order to extend it further, we
examine a quantity motivated by the “corona” [10], which corresponds to nodes
which need few edges to the higher cores in order to alter the core number. We
find that there is a large fraction of nodes of this kind in many networks, which
might help in characterizing the stability of the shell structure. This is discussed
in [2].
Theorem 1. Let G be any connected graph with n vertices and let Gp = G ⊕ R
where, R ∼ G(n, ǫ/n) and ǫ is a constant. Then, whp Gp has a 2-core of size
Θ(n).
Proof. (Sketch) Consider a spanning tree T of G. We show that T ⊕ R itself
has a Θ(n) sized 2-core. Let T − denote the subgraph obtained by removing the
edges common to T and R. Suppose ed is the number of edges removed from T .
Since each edge of T can be removed with probability ǫ/n, it can be verified that
whp O(log n) edges are removed from T , so that T − has O(log n) components
whp.
Let I be a maximum independent set of T − . We consider the graph induced
by I in R and consider the edges of R[I] (not belonging to T ) one at a time.

−
+ ei with
Let ei = (u, v) be the ith edge of R[I] added to T − . Let Ti− = Ti−1
−
−
−
T0 = T . If u and v belong to the same component of Ti−1 , then, there is a
−
path P in Ti−1
with end points u and v and therefore, u and v both belong to
the 2-core in T ⊕ R. However, when u and v belong to different components, this
does not happen. However, note that each time this happens, Ti− has one less
−
component compared to Ti−1
. Since T0− has O(log n) components, there can be
at most O(log n) such edges.
Consider vertices in R[I] of degree at least 1. Note that |I| = cn for some
constant c ≥ 1/2. It is easy to see that whp a constant fraction of these vertices
in I have degree at least 1 in R[I]. Of these vertices, we will discard vertices
which are end points of an edge ei which is between two components of Ti−1
for some i. From the previous discussion, there can be only O(log n) such edges.
The rest of the vertices form a 2-core. Hence proved.
⊓
⊔
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The CorePerturbation Problem

From Section 4.1, it follows that the sudden and non-monotone changes in the
similarity index correspond to an increase in the maximum core number. This
motivates the CorePerturbation problem, which captures the probability of
this change happening.
Definition 1. The CorePerturbation problem ( CP(G, EA , p, k))
Input: A graph G(V, E), an integer k ≥ 4, edge probability p and a set of possible
edges EA (which are absent in G). Let Gp be the graph resulting from adding
edges to G from EA independently with probability p.
Output: Probability that Gp has a k-core.
Theorem 2. CP(G, EA , p, k) is #P -complete.
The proof of Theorem 2 is in the full version [2]. The result also holds when
kmax (G) = k − 1, which implies that even in a very simple noise model, quantifying the precise effects of changes in the top core is very challenging. When this
probability is not too small (e.g., larger than 1/nc for some constant c > 0), it
can be shown that a polynomial number of Monte-Carlo samples can give good
estimates (within a multiplicative factor of 1 ± δ, with any desired confidence,
where δ > 0 is a parameter).

6

Sensitivity of the Core Decomposition to Sampling

We now address the issue of sampling and focus on ηk (G, Gp ), where Gp denotes
a node/edge sampled graph with probability p— our goal is to understand to
what extent the core structure (especially the nodes in the top cores) can be
identified from sparsely sampled data. As in the case of noise (Section 4), we
find ηk is quite sensitive to sampling, and varies non-monotonically for many
graphs. We attempt to explain these results rigorously in the following manner:

(i) using the notion of edge density, we derive bounds on the maximum core in
sampled graphs, which show that it scales with p, (ii) we analyze the sampling
process in random graphs, and prove that the non-monotonicity in ηk is an
inherent issue related to the core structure.
6.1

Variation in ηk

Figure 4(a) shows the variation in η1 (G, Gp ) for all networks, for an edge sampling probability p ∈ [0.8, 1]. We observe that η1 is quite low in many networks;
in order to identify at least 80% of the top core nodes (i.e., η1 ≥ 0.8), we need
p ≥ 0.6 in most networks. Figure 9 in the full version [2] shows additional results
on the effect of edge sampling on ηk , for k ∈ {1, 2, 5, 10}. Like in the case of edge
perturbations, we find ηk also exhibits non-monotonicity with respect to k for
most networks. Further, it is interesting to note that the citation networks are
very sensitive to sampling (and have η1 below 0.6), but were found to be quite
robust to edge perturbations (Section 4). However, collaboration networks seem
to be robust to sampling as in the case of edge perturbations. We find that node
sampling has a much higher impact than edge sampling; see Table 2 in the full
version [2] for details. For instance, with p = 0.95, we observe that η1 is below
0.9 for all but four of the networks, and is below 0.62 in three networks.
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Fig. 4. Top core comparison for various networks under sampling edges.
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Biased Sampling in Twitter Networks. Since sampling is an inherent aspect of the APIs provided by Twitter, we study its effects on the top cores. Our
results for the Twitter mentions graph (see Section 3.2 for the details) are shown
in Figures 4(b) and 4(c). The graph is weighted, in which the weight of an edge
(u, v) corresponds to the number of mentions of u by v (or the converse). We
observed that ηk is generally quite low, but is somewhat higher when edges are
sampled with probability proportional to the edge weight (Figure 4(b)) instead
of uniform (Figure 4(c)). Moreover, there is high non-monotonicity in both scenarios, suggesting that Twitter’s public API is not adequate for identifying the
core structure with high confidence (say 80% or more), and multiple calls to the
API must be run to improve the accuracy. Table 3 in the Appendix of [2] gives
additional details on the max core values in the sampled graphs.
Bounding the Max Core on Sampling. A first step towards understanding
the effect of sampling is to determine kmax (Gp ) in the sampled graph Gp . Table 3
in the full version [2] suggests that kmax scales with the sampling probability.
This is examined in the following lemma, whose proof is discussed in the full
version [2].
Lemma 1. Consider a graph G such that kmax (G) → ∞ as n → ∞. Let
Gp denote the random subgraph of G obtained by retaining each edge of G
with probability p, where p is a constant. Then, for any constant δ ∈ (0, 1),
kmax (Gp ) > (1 − δ)kmax (G)p/2, whp.
6.2

Core Structure in Random Graphs

In order to understand our empirical observations about the sensitivity of the
core structure to noise and sampling, and especially the non-monotone behavior, we now study the effect of sampling in random graph models. We consider
two random graph families: (a) the Erdős-Rényi random graphs and (b) ChungLu power law random graphs [7] with node weights picked from a power-law
distribution (see Section 3 for a description of this model). Figure 5 shows the
sensitivity of ηk (G, Gp ) to the sampling probability p. Figure 5(a) shows the
results for a random graph from G(n, p) for n = 10000 and p = 50/n and Figure
5(b) shows the results for a graph from the Chung-Lu model with power law
exponent 2.5, n = 10000 and average degree 5. We observe non-monotone variation in ηk with p; this is more pronounced in the case of the Chung-Lu model,
in which case ηk is quite low, which is consistent with the effect of perturbations
on real networks in Section 4. Further, we observe that the variation in ηk is
much smoother for k > 1, which is not the case of the networks in Section 4.
This non-monotone variation of ηk with the sampling probability is explained to
some extent through Lemma 2; by analyzing ηk in the Erdős-Rényi model, we
show rigorously that this is an inherent aspect of most graphs.
Lemma 2. There exist constants c and pairs (p1 , p2 ), where 0 < p1 < p2 < 1
such that for G ∈ G(n, c/n), η1 (G, Gp1 ) > η1 (G, Gp2 ) whp.
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Fig. 5. Non-monotonicity of top-cores in random graphs: (a) Erdős-Rényi model
G(n, c/n), with n = 10000 and c = 50; (b) Chung-Lu model with n = 10000 and
average degree 5.

This lemma relies on the result of [19]. Suppose G ∈ G(n, λ/n). Let P o(µ) denote
a Poisson random variable with mean µ. For a positive integer j, let ψj (µ) :=
P (P o(µ) ≥ j) and let λj := minµ>0 µ/ψj−1 (µ). Let, for λ > λj , µj (λ) > 0
denote the largest solution to µ/ψj−1 (µ) = λ. Pittel et al. [24] show that if
λ < λk and k ≥ 3, then k-core Ck (G) is empty whp, while if λ > λk , |Ck (G)| =
ψk (µk (λ))n, whp.
Proof. (of Lemma 2) First we note that for G ∈ G(n, c/n), the random graph
sampled with probability p, Gp itself is a G(n, cp/n) random graph. We choose
c = 50, for which whp kmax (G) = 38 and |Ckmax (G)| ≈ 0.91n. We set p1 = 0.102,
such that cp1 is slightly less than λ4 ≈ 5.15 (in the context of the result of [24]).
For this p1 , kmax (Gp1 ) = 3 and |Ckmax (Gp1 )| ≥ 0.864n whp. We choose p2 =
0.198, such that cp2 is slightly more than λ7 ≈ 9.88. This means kmax (Gp2 ) = 7
and |Ckmax (Gp2 )| ≈ 0.694n whp. Now we show that η1 (G, Gp1 ) > η1 (G, Gp2 )
whp.
For any set U and subsets A, B ⊆ U , the following inequality follows trivially:
|A|+|B|−|U |
≤ JI(A, B) ≤ |B|
|U |
|A| . We set A = Ckmax (G) and U = V (G). Setting
B = Ckmax (Gp1 ) and using the lower bound in the above inequality, the Jaccard
Index at p1 is ≥ 0.91 + 0.864 − 1 = 0.774. Setting B = Ckmax (Gp2 ) and using the
upper bound in the above inequality, the Jaccard Index at p2 is ≤ 0.694/0.91 ≈
0.762. Hence, proved.
⊓
⊔
Remark 1. The proof of Lemma 2 is a rigorous analysis of the non-monotone
behavior seen in Figure 5(a) in the interval [0.1, 0.2]. Similar pairs can be demonstrated for other values of c which correspond to kmax = 39, 40 and so on.
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Conclusions

Our results show that the top cores show significant sensitivity to perturbations,
and can be recovered to a reasonable extent in sampled graphs, only if the
sampling rate is sufficiently high. These results suggest that a careful sensitivity
analysis is necessary when using the core structure, especially because of the
non-monotone effects on the similarity index of the top cores. Our formulation

of the CorePerturbation problem and its #P-hardness implies quantifying
the effects of uncertainty can be a challenging problem even in very simplified
noise models; developing efficient algorithms for this problem is an interesting
open problem. Further, the non-monotone behavior in the similarity index of the
top cores implies simple statistical tests that might try to improve the confidence
by bounding the uncertainty might not work. The reduced non-monotonicity in
ηk with k suggests considering the top few cores, instead of just the top core, as
a way of dealing with these effects; however, as we observe, this would require
considering a much larger set of nodes. The significant sensitivity to sampling
also suggests the need for greater care in the use of networks inferred using
small samples provided by public APIs of social media applications. We expect
our approach to be useful in the analysis of the sensitivity of other network
properties to noise and sampling.
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