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Abstract. Copulas recently emerged in many data analysis and knowledge discovery tasks as a ﬂexible tool for modeling complex multivariate distributions. The paper presents a method for estimating copulas
from one of the most popular classes of copulas, namely hierarchical
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its bivariate margins. A simple algorithm implementing the method is
provided and its eﬀectiveness is shown in several experiments including
its comparison to other available methods.
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Introduction

Despite the fact that copulas have most success in ﬁnance, they are increasingly
adopted by researchers from many other application areas. We can see applications of copulas in water-resources and hydro-climatic analysis [1, 8], gene analysis [10], cluster analysis [9, 16] or in evolution algorithms, particularly in the
estimation of distribution algorithms [3, 20]. In the applications that can be generally put in the framework of knowledge discovery and data mining, copulas are
used due to their eﬀective mathematical ability to capture complex dependence
structures among variables. For illustrative example, we refer to [8], where the
task for anomaly detection in climate that incorporates complex spatio-temporal
dependencies is solved using copulas.
Hierarchical Archimedean copulas (HACs) are a frequently used alternative
to the most popular Gaussian copula due to their ﬂexibility and conveniently
limited number of parameters. Despite their popularity, feasible techniques for
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HAC estimation are addressed only in few papers. Most of them assume in the
estimation process a given structure of a copula, which is motivated trough applications in economy, see [17, 18]. There exists only one recently published paper,
see [13], which address the estimation technique generally, i.e., the estimation
also concerns the proper structure determination of a HAC.
The mentioned paper describes a multi-stage procedure, which is used both
for the structure determination and the estimation of the parameters. The authors devote mainly to the estimation of the parameters using the maximumlikelihood (ML) technique and brieﬂy mention its alternative, which uses for the
parameters estimation the relationship between the copula parameter and the
value of Kendall’s tau computed on a bivariate margin of the copula (shortly,
θ−τ relationship). The authors present six approaches denoted as τ∆τ >0 , τbinary ,
Chen, θbinary , θbinary aggr. and θRM L to the structure determination based on
the both mentioned estimation techniques (the ML and the θ − τ relationship).
The ﬁrst ﬁve of them lead to biased estimators, what can be seen in the results of
the attached simulation study, and the the sixth (θRM L ) is used for re-estimation
and thus for better approximation of the parameters of the true copula. θRM L
shows the best goodness-of-ﬁt (measured by Kullback-Leibler divergence) of the
resulting estimates. However, the best approximation of the true parameters
with θRM L is possible only in the cases, when the structure is properly determined (the estimated structure equals the true structure). But, as θRM L is based
on the biased θbinary aggr. , which often does not return the true structure due
to the involved bias, θRM L also cannot return close approximation of the true
parameters in the cases, when the structure is determined improperly. Moreover,
the number of those cases rapidly increases with the increasing data dimension,
as we show later in Section 4.
In our paper we propose the construction of an estimator for HACs, which
approximates the parameters of the true copula better than the previously mentioned methods, and thus also increases the ratio of properly determined structures. Avoiding the need of re-estimation, we also gain high computational eﬃciency. The included experiments on simulated data show that our approach outperforms all the other above mentioned methods in the sense of goodness-of-ﬁt,
the properly determined structures ratio and also in the time consumption, which
is even slightly lower than the most eﬃcient binary methods τbinary , θbinary .
The paper is structured as follows. The next section summarizes some necessary theoretical concepts concerning Archimedean copulas (ACs) and HACs.
Section 3 presents the new approach to the HAC estimation. Section 4 describes
the experiments and their results and Section 5 concludes this paper.
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2.1

Preliminaries
Copulas

Definition 1. For every d ≥ 2, a d-dimensional copula (shortly, d-copula) is
a d-variate distribution function on Id (I is the unit interval), whose univariate
margins are uniformly distributed on I.
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Theorem 1. (Sklar’s Theorem) [19] Let H be a d-dimensional d.f. with univariate margins F1 , ..., Fd . Let Aj denote the range of Fj , Aj := Fj (R)(j =
1, ..., d), R := R∪{−∞, +∞}. Then there exists a copula C such for all (x1 , ..., xd ) ∈
d
R ,
H(x1 , ..., xd ) = C(F1 (x1 ), ..., Fd (xd )).

(1)

Such a C is uniquely determined on A1 × ... × Ad and, hence, it is unique if
F1 , ..., Fd are all continuous. Conversely, if F1 , ..., Fd are univariate d.f.s, and if
d
C is any d-copula, then the function H : R → I defined by (1) is a d-dimensional
distribution function with margins F1 , ..., Fd .
Through the Sklar’s theorem, one can derive for any d-variate d.f. its copula
C using (1). In case that the margins F1 , ..., Fd are all continuous, the copula
C is given by C(u1 , ..., ud ) = H(F1− (u1 ), ..., Fd− (ud )), where Fi− , i ∈ {1, ..., d}
denotes pseudo-inverse of Fi given by Fi− (s) = inf{t| Fi (t) ≥ s}, s ∈ I. Many
classes of copulas are derivable in this way from popular joint d.f.s, e.g., the
most popular class of Gaussian copulas is derived using H corresponding to a
d-variate Gaussian distribution. But, using this process often results in copulas
not expressible in closed form, what can bring diﬃculties in some applications.
2.2

Archimedean Copulas

This drawback is overcame while using Archimedean copulas, due to their different construction process. ACs are not constructed using the Sklar’s theorem,
but instead of it, one starts with a given functional form and asks for properties
needed to obtain a proper copula. As a result of such a construction, ACs are
always expressed in closed form, which is one of the main advantages of this
class of copulas [6]. To construct ACs, we need the notion of an Archimedean
generator and of a complete monotonicity.
Definition 2. Archimedean generator (shortly, generator) is continuous, nonincreasing function ψ : [0, ∞] → [0, 1], which satisfies ψ(0) = 1, ψ(∞) = limt→∞
ψ(t) = 0 and is strictly decreasing on [0, inf{t : ψ(t) = 0}]. We denote the set of
all generators as Ψ .
Definition 3. A function f is called completely monotone (shortly, c.m.) on
[a, b], if (−1)k f (k) (x) ≥ 0 holds for every k ∈ N0 , x ∈ (a, b).
Definition 4. Any d-copula C is called Archimedean copula (we denote it dAC), if it admits the form
C(u) := C(u; ψ) := ψ(ψ −1 (u1 ) + ... + ψ −1 (ud )), u ∈ Id ,

(2)

where ψ ∈ Ψ and its inverse ψ −1 : [0, 1] → [0, ∞] is defined ψ −1 (s) = inf{t :
ψ(t) = s}, s ∈ I.
For verifying whether function C given by (2) is a proper copula, we can use
the property stated in Deﬁniton 3. A condition suﬃcient for C to be a copula is
stated as follows.
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Theorem 2. [11] If ψ ∈ Ψ is completely monotone, then the function C given
by (2) is a copula.
We can see from Deﬁnition 4 and the properties of generators that having a random vector U distributed according to some AC, all its k-dimensional
(k < d) marginal copulas have the same marginal distribution. It implies that
all multivariate margins of the same dimension are equal, thus, e.g., the dependence among all pairs of components is identical. This symmetry of ACs is
often considered to be a rather strong restriction, especially in high dimensional
applications.
Given the number of variables, to derive the explicit form of an AC to work
with, we need the explicit form of generators. The reader can ﬁnd many explicit
forms of the generators in, e.g., [12]. In this paper, we use and present only the
Clayton generator, deﬁned (1 + t)−1/θ . Copulas based on this generator have
been used, e.g., to study correlated risks, because they exhibit strong left tail
dependence and relatively weak right tail dependence. The explicit parametric
(
)− 1
form of a bivariate Clayton copula is C(u1 , u2 ; ψ) = u1 −θ + u2 −θ − 1 θ . [12]
2.3

Hierarchical Archimedean Copulas

To allow for asymmetries, one may consider the class of HACs (often also called
nested Archimedean copulas), recursively deﬁned as follows.
Definition 5. [7] A d-dimensional copula C is called hierarchical Archimedean
copula if it is an AC with arguments possibly replaced by other hierarchical
Archimedean copulas. If C is given recursively by (2) for d = 2 and
C(u; ψ0 , ..., ψd−2 ) = ψ0 (ψ0−1 (u1 ) + ψ0−1 (C(u2 , ..., ud ; ψ1 , ..., ψd−2 ))), u ∈ Id , (3)
for d ≥ 3, C is called fully-nested hierarchical Archimedean copula with d − 1
nesting levels. Otherwise C is called partilally-nested hierarchical Archimedean
copula.
Remark 1. We denote a d-dimensional HAC as d-HAC. For some d-HAC, we
refer to the hierarchical ordering of all ACs C(·; ψ0 ), ..., C(·; ψk ), k ≤ d − 2
incorporated in the d-HAC together with the ordering of variables u1 , ..., ud as
the structure of the d-HAC.
From the deﬁnition, we can see that ACs are special cases of HACs. The most
simple proper fully-nested HAC is obtained for d = 3 and is with two nesting
levels. The structure of this copula is given by
C(u; ψ0 , ψ1 ) = C(u1 , C(u2 , u3 ; ψ1 ); ψ0 )
= ψ0 (ψ0−1 (u1 ) + ψ0−1 (ψ1 (ψ1−1 (u2 ) + ψ1−1 (u3 )))), u ∈ I3 .

(4)

As in the case of ACs, we can ask for necessary and suﬃcient condition for the
function C given by (3) to be a proper copula. Partial answer for this question
in form of suﬃcient condition is contained in the following theorem.
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Theorem 3. (McNeil (2009)) [11] If ψj ∈ Ψ∞ , j ∈ {0, ..., d − 2} such that
ψk−1 ◦ ψk+1 have completely monotone derivatives for all k ∈ {0, ..., d − 3}, then
C(u; ψ0 , ..., ψd−2 ), u ∈ Id , given by (3) is a copula.
McNeil’s theorem is stated only for fully-nested HACs, but it can be easily translated also for use with partially-nested HACs (for more see [6]). The
condition for (ψ0−1 ◦ ψ1 )′ to be compete monotone is often called the nesting
condition.
When using HACs in applications, there exist, for example for d = 10, more
than 280 millions of possible HAC structures and each 10-HAC can incorporate
up to 9 parameters (using only one-parametric generators) in generators from
possibly diﬀerent families. If choosing the model that the best ﬁt the data, this
is much more complex situation relative to the case when using ACs, which have
just one structure, one parameter and one Archimedean family.
For the sake of simplicity, assume that each d-HAC structure corresponds to
some binary tree t. Each node in t represents one 2-AC. Each 2-AC is determined
just by its corresponding generator, so we identify each node in t with one
generator and hence we have always nodes ψ0 , ..., ψd−2 . For a node ψ denote as
Dn (ψ) the set of all descendant nodes of ψ, P(ψ) the parent node of ψ, Hl (ψ)
the left child of ψ and Hr (ψ) the right child of ψ. The leafs of t correspond to
the variables u1 , ..., ud .
2.4

Kendall’s tau and its generalization

As we are interested in Kendall’s tau relationship with a general bivariate copula,
we use its deﬁnition given by (as in [1])
∫
τ (C) = 4
C(u1 , u2 )dC(u1 , u2 ) − 1.
(5)
I2

If C is a 2-AC based on a generator ψ, and ψ depends on the parameter θ ∈ R,
then (5) states an explicit relationship between θ and τ , which can be often
expressed in a closed form. For example, if C is a Clayton copula, we get τ =
θ/(θ+2) (the relationship between θ and τ for other generators can be found, e.g.,
in[6]). The inversion of this relationship establish an estimator of the parameter
θ, which can be based on the empirical version of τ given by (as in [1])
n
∑
4
τn =
1{(ui1 −uj1 )(ui2 −uj2 )>0} ,
n(n − 1) i=1,j=1

(6)

where (u•1 , u•2 ) denotes the realizations of r.v.s (U1 , U2 ) ∼ C.
To generalize τ for m (possibly > 2) random variables (r.v.s) we state the
following deﬁnition. For simpliﬁcation denote the set of pairs of r.v.s as UIJ =
{(Ui , Uj )|(i, j) ∈ I × J}, where I, J ⊂ {1, ..., d}, I ̸= ∅ ̸= J, (U1 , ..., Ud ) ∼ C, C is
a d-HAC.
Definition 6. Let τ be the Kendall’s tau, g be an aggregation function (like,
e.g., max, min or mean), which has the following properties: 1) g(u, ..., u) = u
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for all u ∈ I and 2) g(up1 , ..., upk ) = g(u1 , ..., uk ) for all u1 , ..., uk ∈ I and all
permutations p of {1, ..., k}. Then define an aggregated Kendall’s tau τ g as
{
τ (Ui , Uj )
if I = {i}, J = {j}
τ g (UIJ ) =
(7)
g(τ (Ui1 , Uj1 ), τ (Ui1 , Uj2 ), ..., τ (Uil , Ujq )), else,
where I = {i1 , ..., il }, J = {j1 , ..., jq }, il , jq ≤ d are non-empty disjoint subsets of
N.
2.5

Okhrin’s algorithm for the structure determination of HAC

We recall the algorithm presented in [14] for the structure determination of HAC,
which returns for some unknown HAC C its structure using only the known forms
of its bivariate margins. The algorithm uses the following deﬁnition.
Definition 7. Let C be a d-HAC with generators ψ0 , ..., ψd−2 and (U1 , ..., Ud ) ∼
C. Then denote as UC (ψk ), k = 0, ..., d−2, the set of indexes UC (ψk ) = {i|(∃Uj )(Ui , Uj ) ∼
C(·; ψk ) ∨ (Uj , Ui ) ∼ C(·; ψk ), 1 ≤ i < j ≤ d}, k = 0, ..., d − 2.
Proposition 1. [14] Defining UC (ui ) = {i} for the leaf i, 1 ≤ i ≤ d, there is an
unique disjunctive decomposition of UC (ψk ) given by
UC (ψk ) = UC (Hl (ψk )) ∪ UC (Hr (ψk )).

(8)

For an unknown d-HAC C, knowing all its bivariate margins, its structure can
be easily determined with Algorithm 1, which returns the unknown structure t
of C. We start from the sets UC (u1 ), ..., UC (ud ) joining them together through
(8) until we reach the node ψ for which UC (ψ) = {1, ..., d}.
Algorithm 1 The HAC structure determination
Input: 1) UC (ψ0 ), ..., UC (ψd−2 ), 2) I = {0, ..., d − 2}
while I ̸= ∅ do
1. k = argmini∈I (#UC (ψi )), if there are more minima, then choose as k one of
them arbitrarily.
2. Find the nodes ψl , ψr , for which UC (ψk ) = UC (ψl ) ∪ UC (ψr ).
3. Hl (ψk ) := ψl , Hr (ψk ) := ψr .
4. Set I := I\{k}.
end while
Output: The structure stored in Hl (ψk ), Hr (ψk ), k = 0, ..., d − 2

3
3.1

Our Approach
HAC structure determination

Recalling Theorem 3, the suﬃcient condition for C to be a proper copula is that
the nesting condition must hold for each generator and its parent in a HAC
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structure. As this is the only known condition that assures that C is a proper
copula, we deal in out work only the copulas, which fulﬁll this condition. The
nesting condition results in constraints on the parameters θ0 , θ1 of the involved
generators ψ0 , ψ1 (see [6, 7]). As θi , i = 1, 2 is closely related to τ through (5),
there is also an important relationship between the values of τ and the HAC tree
structure following from the nesting condition. This relationship is described for
the fully-nested 3-HAC given by the form (4) in Remark 2.3.2 in [6]. There, it
is shown that if the nesting condition holds for the parent-child pair (ψ0 , ψ1 ),
then 0 ≤ τ (ψ0 ) ≤ τ (ψ1 ) (as we deal only with HACs with binary structures
incorporating only 2-ACs, which are fully determined only by its generator, we
use as the domain of τ the set Ψ instead of the usually used set of all 2-copulas).
We generalize this statement, using our notation, as follows.
Proposition 2. Let C be a d-HAC with the structure t and the generators
ψ0 , ..., ψd−2 , where each parent-child pair satisfy the nesting condition. Then
τ (ψi ) ≤ τ (ψj ), where ψj ∈ Dn (ψi ), holds for each ψi , i = 0, ..., d − 2.
Proof. As ψj ∈ D(ψi ), there exists a unique sequence ψk1 , ..., ψkl , where 0 ≤
km ≤ d − 2, m = 1, ..., l, l ≤ d − 1, ψk1 = ψi , ψkl = ψj and ψk−1 = P(ψk ) for
k = 2, ..., l. Applying the above mentioned remark for each pair (ψk−1 , ψk ), k =
2, ..., l, we get τ (ψk1 ) ≤ ... ≤ τ (ψkl ). 
Thus, having a branch from t, all its nodes are uniquely ordered according to their
value of τ assuming unequal values of τ for all parent-child pairs. This provides
an alternative algorithm for the HAC structure determination. We have to assign
the generators with the highest values of τ to the lowest levels of the branches in
the structure and ascending to higher levels we assign the generators with lower
values of τ .
Remark 2. τ (ψk ) = τ g (UUC (Hl (ψk ))UC (Hr (ψk )) ) for a d-HAC C and for each
k = 0, ..., d − 2. This is because the bivariate margins Cij , (i, j) ∈ UC (Hl (ψk )) ×
UC (Hr (ψk )) of C are all equal and g(u, ..., u) = u for all u ∈ I. Thus τ (ψk )
depends only on the population version of Kendall correlation matrix.
Computing τ (ψk ), k = 0, ..., d − 2 using Remark 2 and following Proposition
2 leads to the alternative algorithm for HAC structure determination. The algorithm is summarized in Algorithm 2 and can be used for arbitrary d > 2 (see [4]
for more details including an example for d = 4). It returns the sets UC (zd+k+1 )
corresponding to the sets UC (ψk ), k = 0, ..., d − 2. Passing them to Algorithm 1,
we avoid their computation from Deﬁnition 7 and we get the requested d-HAC
structure without a need of knowing the forms of the bivariate margins. Assuming a family for each ψk , θ − τ relationship for the given family can be used to
obtain the parameters, i.e., θk = τθ−1 (τ (ψk )), k = 0, ..., d − 2, where τθ−1 denotes
the θ − τ relationship, e.g., for Clayton family τθ−1 (τ ) = 2τ /(1 − τ ). Hence we
get together with the structure the whole copula.
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Algorithm 2 The HAC structure determination based on κ
Input: 1) I = {1, ..., d}, 2) (U1 , ..., Ud ) ∼ C, 3) τ g ... an aggregated Kendall’s tau, 4)
zk = uk , UC (zk ) = {k}, k = 1, ..., d
The structure determination:
for k = 0, ..., d − 2 do
1. (i, j) :=
argmax
τ g (UUC (zi∗ )UC (zj ∗ ) )
i∗ <j ∗ ,i∗ ∈I,j ∗ ∈I

2. UC (zd+k+1 ) := UC (zi ) ∪ UC (zj )
3. I := I ∪ {d + k + 1}\{i, j}
end for
Output: UC (zd+k+1 ), k = 0, ..., d − 2

3.2

HAC estimation

As the aggregated τ g depends only on the pairwise τ and the aggregation function g, we can easily derive its empirical version τng just by substituting τ in τ g
by its empirical version τn given by (6). Using τng instead of τ g we can easily
derive the empirical version of the structure determination process represented
by Algorithms 1, 2.
In this way we base the structure determination only on the values of the
pairwise τ . This is an essential property of our approach. Using the θ−τ relationship established through (5) for some selected Archimedean family, whole HAC,
including its structure and its parameters, can be estimated just from Kendall
correlation matrix computed for the realizations of (U1 , ..., Ud ) assuming all the
generators to be from the selected Archimedean family. Due to nesting condition,
the parameter θ̂k is trimmed in Step 3. in order to obtain the resulting estimate
as a proper d-HAC. Note that if we allow the generators to be from diﬀerent
Archimedean families, the task is much more complex, and we do not concern
it in the paper due to space limitations and refer the reader to [5, 6].
The proposed empirical approach is summarized in Algorithm 3. The Kendall
n
) is computed for the realizations of the pairs (Ui , Uj ), 1 ≤
correlation matrix (τij
i < j ≤ d using (6). The algorithm returns the parameters θ̂0 , ..., θ̂d−2 of the
estimate Ĉ and the sets UĈ (zd+k+1 ) corresponding to the sets UĈ (ψk ), k =
0, ..., d − 2. Passing the sets to Algorithm 1 we get the requested Ĉ structure.

4

Experiments

We performed a lot of diﬀerent experiments on simulated data involving diﬀerent
data dimensions, HAC structures, generators and parameters. Due to space limitations we present only one experiment, where we compare the proposed method
with the other previously mentioned methods on simulated data for d = 5, 6, 7, 9.
We simulate 100 samples of size 500 according to [7] for 4 copula models based
on the Clayton generator. The ﬁrst considered model is ((12) 43 (3(45) 44 ) 34 ) 24 .
The natural numbers in the model notation (as in [13]) are the indexes of
the copula variables, i.e., 1,...5, the parentheses correspond to each UC (·), i.e.,
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Algorithm 3 The HAC estimation
n
Input: 1) (τij
) {...Kendall correlations matrix}, 2) g {...an aggregation function}, 3)
I = {1, ..., d}, 4) zi = ui , i = 1, ..., d, 5) Archimedean family and corresponding τθ−1
Estimation:
for k = 0, ..., d − 2 do
1. (i, j) := argmax g((τ˜n˜ )(˜ĩ,˜j̃)∈U (z )×U (z ) )
ĩj̃
Ĉ ĩ
Ĉ j̃
ĩ<j̃,ĩ∈I,j̃∈I
(
)
−1
n
2. θ̂k := τθ g((τĩj̃ )(ĩ,j̃)∈U (zi )×U (zj ) )
Ĉ

Ĉ

3. θ̂k := min(θ̂k , θ̂i , θ̂j )
4. UĈ (zd+k+1 ) := UĈ (i) ∪ UĈ (j)
5. I := I ∪ {d + k + 1}\{i, j}
end for
Output: θ̂k , UĈ (k), k = 0, ..., d − 2

UC (ψ0 ) = {1, 2}, UC (ψ1 ) = {4, 5}, UC (ψ2 ) = {3, 4, 5}, UC (ψ3 ) = {1, 2, 3, 4, 5},
and the subscripts are the model parameters, i.e, (θ0 , θ1 , θ2 , θ3 ) = ( 43 , 44 , 43 , 24 ).
Note that the indexes of the 4 generators could be permuted arbitrarily and
the particular selection of their ordering serves just for better illustration. The
other 3 models are given with analogous notation as (1((23) 45 (4(56) 64 ) 54 ) 44 ) 24 ,
(1((23) 54 (4(5(67) 47 ) 64 ) 54 ) 44 ) 24 and ((1(2(34) 54 ) 44 ) 34 ((56) 44 (7(89) 54 ) 44 ) 34 ) 24 . The smallest diﬀerence between the parameters is set to 14 . As we revealed, while we experimented with diﬀerent parameterizations, a larger diﬀerence in the parameters
could hide the impact of the bias of the concerned methods on the structure
determination, and the results obtained by diﬀerent methods can be similar is
some of those cases. Setting it to 14 fully reveals the impact of the bias and clearly
shows the diﬀerence among the methods.
The results for each model are shown in Table 1 and are divided by the double
lines. As we are interested in binary copulas, we choose for the comparison the
methods θbinary , θRM L , τbinary , which return binary copula structures as their
results. The ﬁrst 2 methods are based on ML estimation technique, whereas
the third method is based on the θ − τ relationship. To get the results we used
their R implementation described in [15]. Our method, implemented in Matlab, is
avg
denoted as τbinary
, i.e., the involved function g is selected to be the avg function.
As θRM L failed in most cases for d ≥ 7, the results for the method for those
dimensions are not presented.
Firstly, we assess the ability of the methods to determine the true copula
structure correctly. This can be seen from the third and the fourth column.
The third column shows 3 the most frequent structures obtained by the method
(if the true structure was not the one of the 3 most frequent structures, then
we show the 2 most frequent structures and the true structure) with average
parameter values. The true structure is emphasized by bold text. The fourth
avg
column shows the frequency of the structures. τbinary
clearly dominates in all
four cases (d = 5, 6, 7, 9). The other methods show very poor ability to detect
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the correct structure, especially for d ≥ 7, where, e.g., θbinary did not return the
correct structure for any among all 100 samples used.
Next, we assess the methods by means of goodness-of-ﬁt. The results can be
seen in the ﬁfth and the sixth column, where the statistics S (K) , S (C) (described
in [2]) are computed on all bivariate margins and their maximum (the S (K) , S (C)
avg
for the worst ﬁtted bivariate margin) is shown. τbinary
also dominates in all four
cases. θRM L shows also good results, but its time consumption for comparable
results is considerably higher. The remaining methods show poor results, what
is additionally illustrated by the discrepancy between the estimated average
parameter values shown in the third column and the true parameter values.
The next two columns show the average Frobenius norm of the diﬀerence
between the Kendall correlation matrix for the true model and the Kendall
correlation matrix for the estimated model and the average Frobenius norm of
the diﬀerence between the matrix of lower tail coeﬃcients (see [12] for deﬁnition)
for the true model and the the matrix of lower tail coeﬃcients for the estimated
model (as in [13]). The comparison results are similar to the goodness-of-ﬁt
avg
comparison. θRM L shows slightly better results than τbinary
and the remaining
methods show signiﬁcant discrepancy between the theoretical and the empirical
quantities.
The last column shows the average computing times needed for a single data
avg
sample. τbinary
is slightly better that the binary methods θbinary , τbinary , whereas
θRM L shows signiﬁcantly higher time consumption, particularly for d = 6.

5

Conclusion

Copulas are a feasible tool for the modeling of complex patters. A popular alternative to Gaussian copulas, the hierarchical Archimedean copulas, are convenient
copula models even in high dimensions due to their ﬂexibility and rather limited
number of parameters. Despite their popularity, a general approach for their
estimation is addressed only in one recently published paper, which proposes
several methods for the estimation task.
We propose another approach to structure determination and estimation of
a hierarchical Archimedean copula, which combines the advantages and avoids
the disadvantages of the previously mentioned methods in the terms of the correctly determined structures ratio, the goodness-of-ﬁt of the estimates, and time
consumption. This is conﬁrmed in the experiments on simulated data performed
for diﬀerent dimensions and copula models. The proposed method should be
preferred to the other mentioned methods and is particularly attractive in applications, where a good approximation and computational eﬃciency are both
crucial issues.
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avg
τbinary

τbinary

θbinary

avg
τbinary

τbinary

θbinary

avg
τbinary

τbinary

θRM L

θbinary
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((17)0.51 ((2(34)1.25 )0.90 ((56)1.02 (89)1.26 )1.02 )0.89 )0.51
(1((2(34)1.25 )0.86 ((56)0.96 (7(89)1.33 )1.01 )0.96 )0.86 )0.13
(1((56)0.91 ((2(34)1.32 )0.96 (7(89)1.30 )0.99 )0.94 )0.72 )0.13
((1(2(34)1.34 )1.22 )1.06 (6(5(7(89)1.28 )1.22 )1.06 )1.06 )1.11
((1(2(34)1.31 )1.24 )1.12 (5(6(7(89)1.29 )1.23 )1.12 )1.11 )1.12
((1(2(34)1.21 )1.17 )1.04 ((56)1.06 (7(89)1.13 )1.10 )1.00 )1.05
((1(2(34)1.27 )0.99 )0.75 ((56)1.00 (7(89)1.28 )1.01 )0.75 )0.50
((1(3(24)1.17 )1.07 )0.72 ((56)0.97 (7(89)1.27 )0.99 )0.76 )0.49
((1(2(34)1.41 )1.07 )0.84 ((56)1.05 (9(78)1.26 )1.12 )0.83 )0.56

((14)0.52 ((23)1.24 (5(67)1.74 )1.41 )1.24 )0.52
(1(4((23)1.25 (5(67)1.77 )1.43 )1.24 )0.48 )0.14
(1((45)1.17 ((23)1.35 (67)1.77 )1.34 )1.16 )0.19
(1(2(3(4(5(67)1.79 )1.73 )1.63 )1.46 )1.45 )0.70
(1(3(2(4(5(67)1.81 )1.76 )1.66 )1.47 )1.46 )0.72
(1((23)1.48 (4(5(67)1.85 )1.85 )1.67 )1.48 )0.67
(1((23)1.27 (4(5(67)1.80 )1.52 )1.25 )1.00 )0.50
(1((23)1.26 (4(7(56)1.65 )1.55 )1.28 )1.02 )0.49
(1((23)1.25 (4(6(57)1.55 )1.42 )1.25 )1.02 )0.50

(1(4((23)1.28 (56)1.53 )1.28 )0.55 )0.18
(1((23)1.16 (4(56)1.53 )1.24 )1.15 )0.21
((14)0.56 ((23)1.24 (56)1.49 )1.24 )0.56
(1((23)1.19 (4(56)1.53 )1.28 )1.00 )0.50
(1((56)1.52 (4(23)1.29 )1.21 )1.08 )0.51
(1(2(3(4(56)1.68 )1.40 )1.12 )1.04 )0.56
(1(2(3(4(56)1.56 )1.49 )1.39 )1.39 )0.70
(1(3(2(4(56)1.53 )1.48 )1.41 )1.40 )0.71
(1((23)1.37 (4(56)1.57 )1.52 )1.36 )0.73
(1((23)1.27 (4(56)1.54 )1.25 )1.00 )0.51
(1((23)1.21 (5(46)1.49 )1.36 )1.04 )0.50
(1(3(2(4(56)1.62 )1.38 )1.20 )1.06 )0.54

Method Structure(s)
θbinary (3((12)0.77 (45)1.01 )0.76 )0.24
((12)0.69 (3(45)1.01 )0.72 )0.68
((12)0.61 (4(35)0.85 )0.71 )0.61
θRM L
((12)0.71 (3(45)1.00 )0.77 )0.54
((45)1.01 (3(12)0.79 )0.72 )0.62
((12)0.80 (4(35)0.93 )0.81 )0.52
τbinary ((12)0.81 (3(45)1.04 )0.93 )0.89
(1(2(3(45)1.02 )0.92 )0.78 )0.85
(2(1(3(45)0.99 )0.92 )0.79 )0.88
avg
τbinary ((12)0.76 (3(45)1.01 )0.75 )0.49
((12)0.68 (5(34)0.95 )0.87 )0.52
((12)0.74 (4(35)0.93 )0.85 )0.50

d
5

58
11
10
15
13
4
81
4
3

48
18
16
45
32
3
77
6
5

49
25
22
48
44
2
40
32
11
84
4
3

%
79
18
2
52
43
3
46
23
21
92
3
3

1.6487
3.5263
4.1839
2.6079
2.3948
2.3784
0.2491
0.2264
0.1921

2.3349
2.7023
1.3054
0.8215
0.8420
0.8633
0.1877
0.1854
0.2094

2.1014
1.1039
1.7606
0.1965
0.3149
0.2016
0.6187
0.6652
0.6411
0.1753
0.1535
0.1657

(K)
Sn
2.1478
0.4897
0.5546
0.2102
0.4959
0.3090
1.2082
0.9928
0.9659
0.1719
0.1826
0.2106

(0.4330)
(0.5750)
(0.4664)
(0.3879)
(0.3476)
(0.2925)
(0.0748)
(0.0572)
(0.0297)

(0.5362)
(0.4039)
(0.3649)
(0.1864)
(0.2039)
(0.1079)
(0.0452)
(0.0535)
(0.0800)

(0.3962)
(0.2994)
(0.3848)
(0.0681)
(0.1323)
(0.0832)
(0.1551)
(0.1698)
(0.1351)
(0.0636)
(0.0486)
(0.0102)

(0.5043)
(0.2050)
(0.2206)
(0.0826)
(0.2847)
(0.1249)
(0.3181)
(0.2900)
(0.2024)
(0.0633)
(0.0506)
(0.0517)

0.7410
0.9699
1.2621
0.9986
0.9770
0.8742
0.3328
0.1860
0.3401

1.0978
1.2764
0.5234
0.4797
0.5341
0.4852
0.3065
0.3338
0.4709

0.8661
0.4969
0.7776
0.2945
0.3055
0.3781
0.4378
0.4294
0.4015
0.2749
0.3090
0.1743

(C)
Sn
0.7206
0.4089
0.2843
0.2426
0.3290
0.2992
0.5333
0.4469
0.4022
0.2372
0.2141
0.3107

(0.2550)
(0.3482)
(0.4175)
(0.2883)
(0.2834)
(0.3656)
(0.1223)
(0.0401)
(0.2103)

(0.5512)
(0.5674)
(0.1954)
(0.1671)
(0.1925)
(0.1117)
(0.1462)
(0.1970)
(0.2645)

(0.3472)
(0.2664)
(0.2715)
(0.1197)
(0.1393)
(0.0472)
(0.1623)
(0.1562)
(0.1329)
(0.1188)
(0.1197)
(0.0461)

(0.3205)
(0.2107)
(0.0421)
(0.1078)
(0.1375)
(0.0910)
(0.2260)
(0.1769)
(0.1625)
(0.0977)
(0.0607)
(0.1476)

0.4771
0.6364
0.6296
0.7463
0.7620
0.6753
0.1134
0.1264
0.1444

0.3810
0.5236
0.3388
0.3173
0.3333
0.3373
0.0895
0.0902
0.0951

0.4078
0.2507
0.3101
0.0506
0.1026
0.1006
0.2478
0.2541
0.2474
0.0745
0.1017
0.1174

(0.0440)
(0.0340)
(0.0248)
(0.0910)
(0.1053)
(0.1515)
(0.0416)
(0.0568)
(0.0219)

(0.0292)
(0.0396)
(0.0272)
(0.0740)
(0.0682)
(0.1367)
(0.0412)
(0.0176)
(0.0265)

(0.0338)
(0.0359)
(0.0183)
(0.0187)
(0.0164)
(0.0381)
(0.0605)
(0.0467)
(0.0606)
(0.0291)
(0.0413)
(0.0291)

Avg. error in τ
0.3101 (0.0253)
0.1426 (0.0245)
0.1208 (0.0180)
0.0511 (0.0222)
0.1339 (0.0175)
0.0973 (0.0263)
0.2751 (0.0651)
0.2332 (0.0688)
0.2443 (0.0457)
0.0627 (0.0280)
0.0778 (0.0159)
0.0829 (0.0114)

0.9144
1.1800
1.1628
1.3381
1.3583
1.2305
0.2096
0.2400
0.2576

0.6637
0.9294
0.6068
0.4776
0.5047
0.5019
0.1472
0.1394
0.1514

0.7367
0.4839
0.5375
0.0884
0.1617
0.1601
0.3970
0.4073
0.4077
0.1263
0.1640
0.1738

λL
0.6306
0.2893
0.2346
0.1016
0.2704
0.1743
0.5234
0.4494
0.4709
0.1208
0.1362
0.1513

(0.0823)
(0.0544)
(0.0480)
(0.1301)
(0.1537)
(0.2292)
(0.0876)
(0.1354)
(0.0446)

(0.0624)
(0.0556)
(0.0327)
(0.1128)
(0.1001)
(0.1990)
(0.0705)
(0.0396)
(0.0599)

(0.0545)
(0.0498)
(0.0364)
(0.0401)
(0.0368)
(0.0752)
(0.0995)
(0.0709)
(0.0978)
(0.0564)
(0.0806)
(0.0424)

(0.0416)
(0.0496)
(0.0369)
(0.0473)
(0.0347)
(0.0545)
(0.1087)
(0.1168)
(0.0799)
(0.0580)
(0.0281)
(0.0187)

1.4654 (0.0197)

0.7862 (0.0565)

0.3255 (0.0704)

0.7435 (0.0217)

0.3827 (0.0345)

0.2470 (0.0580)

0.4983 (0.0205)

3.4299 (2.1311)

0.2674 (0.0784)

0.1631 (0.0007)

0.3055 (0.0183)

0.3616 (0.0560)

time (in s)
0.1517 (0.0382)

Table 1. The results for the copula models for d = 5, 6, 7, 9. The columns contain method names; the 3 most frequent estimated structures
with average parameter values; goodness-of-ﬁt statistics S (K) , S (C) (described in [2]); the Frobenius norms of the diﬀerences between estimated
and true Kendall matrices and lower tail indices; the estimation time in s. The values in parenthesis are the corresponding standard deviations.

0.4851 (0.0019)
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