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Abstract. Continuous time Bayesian network classifiers are designed
for analyzing multivariate streaming data when time duration of events
matters. New continuous time Bayesian network classifiers are introduced
while their conditional log-likelihood scoring function is developed. A
learning algorithm, combining conditional log-likelihood with Bayesian
parameter estimation is developed. Classification accuracy values achieved
on synthetic and real data by continuous time and dynamic Bayesian
network classifiers are compared. Numerical experiments show that the
proposed approach outperforms dynamic Bayesian network classifiers and
continuous time Bayesian network classifiers learned with log-likelihood.
Keywords: Multivariate streaming data, conditional log-likelihood.

1

Introduction

Streaming data are relevant to finance, with reference to high frequency trading
[4], computer science, with reference to system error logs, web search query logs,
network intrusion detection, social networks [23] and temporal semantic [15], and
engineering, with reference to image, audio and video processing [30]. They are
also important for analyzing GPS data as shown in [14] and [3] where buses and
animals paths are analyzed. Streaming data are becoming increasingly important
in medicine for patient monitoring and continuous time diagnosis including the
study of firing pattern of neurons [27]. Finally, they are becoming relevant in
biology where time course data [1] allow the reconstruction of gene regulatory
networks, to model the evolution of infections, and to learn and analyze metabolic
networks [28].
Dynamic Bayesian networks (DBNs) [5] and hidden Markov models (HMMs)
[19] offer a natural way to represent and analyze streaming data. However, DBNs
are concerned with discrete time and thus suffer from several limitations due to the
fact that it is not clear how timestamps should be discretized. In the case where
a too slow sampling rate is used the data will be poorly represented while a too
fast sampling rate rapidly makes learning and inference prohibitive. Furthermore,
it has been pointed out [12] that when allowing long term dependencies it is
required to condition on multiple steps into the past, and thus choosing a too fast
sampling rate increases the number of such steps that need to be conditioned on.

Continuous time Bayesian networks (CTBNs) [16], continuous time noisy-or
(CT-NOR) [22], Poisson cascades [23] and Poisson networks [20] together with
the piecewise-constant conditional intensity model (PCIM) [12] are interesting
models to represent and analyze continuous time processes. CT-NOR and Poisson
cascades are devoted to model event streams while they require the modeler to
specify a parametric form for temporal dependencies. This aspect significantly
impacts performance and the problem of model selection in CT-NOR and Poisson
cascades has not been addressed yet. This limitation is overcame by PCIMs which
perform structure learning to model how events in the past affect future events
of interest. CTBNs are homogeneous Markov models which allow to represent
joint trajectories of discrete finite variables.
In this paper we consider the problem of temporal classification, where data
stream measurements are available over a period of time in history while the
class is expected to occur in the future. This kind of problem can be addressed by
discrete and continuous time models. Discrete time models include dynamic latent
classification models [31], a specialization of the latent classification model (LCM)
[13], and DBNs [5]. Continuous time models, as continuous time Bayesian network
classifiers (CTBNCs) [24], overcame the problem of timestamps discretization.
The main contributions of the paper are:
– definition of new classifiers from the class of CTBNCs,
– development of the conditional log-likelihood scoring function for CTBNCs,
– performance comparison of CTBNCs learned with the conditional log-likelihood
score to CTBNCs learned with log-likelihood score and to DBN classifiers.
The paper is organized as follows; Section 2 is devoted to notations and
definitions. New classifiers are introduced and analyzed in Section 3. Section 4
concerns numerical experiments where synthetic datasets generated from models
of increasing complexity are used. In this section a real dataset on post-stroke
rehabilitation is analyzed. Finally, Section 5 is devoted to comments.

2
2.1

Continuous time classification
Continuous Time Bayesian Networks

Dynamic Bayesian networks (DBNs) model dynamic systems without representing
time explicitly. They discretize time to represent a dynamic system through several
time slices. In [17] the authors pointed out that “since DBNs slice time into fixed
increments, one must always propagate the joint distribution over the variables
at the same rate” . Therefore, if the system consists of processes which evolve
at different time granularities and/or the obtained observations are irregularly
spaced in time, the inference process may become computationally intractable.
Continuous time Bayesian networks (CTBNs) overcome the limitations of
DBNs by explicitly representing temporal dynamics and thus allow us to recover
the probability distribution over time when specific events occur. CTBNs have
been used to discover intrusion in computers [29], to analyze the reliability of

dynamic systems [2], for learning social networks dynamics [8] and to model
cardiogenic heart failure [10]. A continuous time Bayesian network (CTBN) is a
probabilistic graphical model whose nodes are associated with random variables
and whose state evolves continuously over time.
Definition 1. (Continuous time Bayesian network). [17]. Let X be a set of random variables X1 , X2 , ..., XN . Each Xn has a finite domain of values V al(Xn ) =
{x1 , x2 , ..., xI }. A continuous time Bayesian network ℵ over X consists of two
0
components: the first is an initial distribution PX
, specified as a Bayesian network
B over X. The second is a continuous transition model, specified as:
– a directed (possibly cyclic) graph G whose nodes are X1 , X2 , ..., XN ; P a(Xn )
denotes the parents of Xn in G.
P a(X )
– a conditional intensity matrix, QXn n , for each variable Xn ∈ X.
P a(Xn )

Given the random variable Xn , the conditional intensity matrix (CIM) QXn
consists of a set of intensity matrices, one intensity matrix
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which represents the probability of transitioning from state xi to state xj , when
it is known that the transition occurs at a given instant in time.
Example 1. Figure 1 shows a part of the drug network introduced in [17]. It
contains a cycle, indicating that whether a person is hungry (H) depends on how
full his/her stomach (S) is, which depends on whether or not he/she is eating (E),
which in turn depends on whether he/she is hungry. We assume that E and H
are binary variables (i.e. no (n)/yes (y)) while S is ternary (i.e. full (f )/average
(a)/empty (e)). Then, the CIMs for E are the [2x2] matrices QnE , and QyE , the
CIMs for S are the [3x3] matrices QnS and QyS , while the CIMs for H are the
[2x2] matrices QfH , QaH and, QeH . For matters of brevity we only show QyS with
two equivalent parametric representations:
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Fig. 1. A part of the drug network.
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where I is the identity matrix. If we view units of time as hours, then we expect
a person who has an empty stomach (S=e) and is eating (E=y) to stop having
an empty stomach in 10 minutes ( 16 hour). The stomach will then transition
from state e (S=e) to state a (S=a) with probability 56 and to state f (S=f) with
probability 16 . Equation 1 is a compact representation of the CIM while Equation
2 is useful because it explicitly represents the transition probability value from
pa(X)
state x to state x0 , i.e. θxx0 .
CTBNs allow two types of evidence, namely point evidence and continuous evidence, while HMMs and DBNs allow only point evidence. Continuous
evidence is the knowledge of the states of a set of variables X throughout an
entire half-closed interval of time [t1 , t2 ): Z[t1 ,t2 ) = z[t1 ,t2 ) , where Z[t1 ,t2 ) =
[t ,t )
[t ,t )
[t ,t )
[t ,t )
[t ,t )
[t ,t )
(X1 1 2 , X2 1 2 , ..., Xk 1 2 ) while z[t1 ,t2 ) = (x1 1 2 , x2 1 2 , ..., xk 1 2 ).
Inference in CTBNs can be performed by exact and approximate algorithms.
Full amalgamation [17] allows exact inference by generating an exponentiallylarge matrix representing the transition model over the entire state space. Exact
inference in CTBNs is known to be NP-hard, and thus different approximate
algorithms have been proposed. In [16] the authors introduced the Expectation
Propagation algorithm (EP), while in [21] an optimized variant of EP is presented.
Alternatives are offered by sampling based inference algorithms such as importance
sampling algorithm [7] and Gibbs sampling algorithm [6].
Given the dataset D, parameter learning is similar to maximum likelihood
pa(X)
pa(X)
pa(X)
estimation, but accounts for the imaginary counts αx
, αxx0 and, τx
of
the hyperparameters:
pa(X)
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αx
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(3)

where M [x, x0 | pa(X)], M [x | pa(X)] and T [x | pa(X)] are the sufficient
statistics. M [x, x0 | pa(X)] is the count of transitions from state x to state x0 for

node
P X when0 the state of its parents P a(X) is set to pa(X). M [x | pa(X)] =
x0 6=x M [x, x | pa(X)] is the count of transitions leaving state x of node X when
the state of its parents P a(X) is set to pa(X). Finally, T [x | pa(X)] represents
the time spent in state x by the variable X when the state of its parents P a(X)
is set to pa(X).
Learning the structure of a CTBN from a given dataset D has been addressed
as an optimization problem over possible CTBN structures [18]. It consists of
finding the structure G which maximizes the following score:
scoreℵ (G : D) = ln P (D|G) + ln P (G).

(4)

However, the search space of this optimization problem is significantly simpler
than that of BNs or DBNs. Indeed, it is known that learning the optimal structure
of a BN is NP-hard, while the same does not hold true in the context of CTBNs
where all edges are across time and thus represent the effect of the current value
of one variable on the next value of the other variables. Therefore, no acyclicity
constraints arise, and it is possible to optimize the parent set for each variable of
the CTBN independently.
2.2

Continuous Time Bayesian Network Classifiers

Continuous time Bayesian network classifiers (CTBNCs) [24] are a specialization
of CTBNs. They allow polynomial time classification inference which is NP-hard
for general CTBNs. Classifiers from this class explicitly represent the evolution
in continuous time of the set of random variables Xn , n = 1, 2, ..., N which are
assumed to depend on the class node Y .
Definition 2. (Continuous time Bayesian network classifier)1 . A continuous
time Bayesian network classifier is a pair C = {ℵ, P (Y )} where ℵ is a CTBN
model with attribute nodes X1 , X2 , ..., XN , Y is the class node with marginal probability P (Y ) on states V al(Y ) = {y1 , y2 , ..., yK }, G is the graph of the CTBNC,
such that the following conditions hold:
– P a(Y ) = ∅, the class variable Y is associated with a root node;
– Y is fully specified by P (Y ) and does not depend on time.
Given a dataset D with no missing data, a CTBNC is learned by maximizing
the score (4) subjected to the constraints listed in Definition 2. However, exact
learning requires to set in advance the maximum number of parents k for the nodes
X1 , X2 , ..., XN [16]. Therefore, in the case where k is not small a considerable
computational effort is required to find the graph structure G ∗ maximizing the
score (4). In such a case we resort to hill-climbing or to the continuous time naive
Bayes classifier.
1

This definition differs from the one proposed in [24]. In fact, we do not require the
CTBNC graph to be connected. Thus, features selection is obtained as by product of
CTBNC structural learning.

Definition 3. (Continuous time naive Bayes classifier). [24] A continuous time
naive Bayes classifier is a continuous time Bayesian network classifier C =
{ℵ, P (Y )} such that P a(Xn ) = {Y }, n = 1, 2, ..., N .
According to [24] a CTBNC C = {ℵ, P (Y )} classifies a stream of continuous
time evidence z = (x1 , x2 , ..., xN ) for the attributes Z = (X1 , X2 , ..., XN ) over J
contiguous time intervals, i.e. a stream of continuous time evidence Z[t1 ,t2 ) =
z[t1 ,t2 ) , Z[t2 ,t3 ) = z[t2 ,t3 ) , . . . , Z[tJ−1 ,tJ ) = z[tJ−1 ,tJ ) , by selecting the value y ∗ for
the class Y which maximizes the posterior probability P (Y |z[t1 ,t2 ) , z[t2 ,t3 ) , ..., z[tJ−1 ,tJ ) ),
which is proportional to
P (Y )

J
Y
j=1

pa(Xmj )

qxj

j+1
mj xmj

N
Y
n=1



pa(X )
exp −qxj n δj ,

(5)

n

where:
– δj = tj −tj−1 is the length of the j th time interval of the stream z[t1 ,t2 ) , z[t2 ,t3 ) ,
..., z[tJ−1 ,tJ ) of continuous time evidence;
pa(X )
– qxj n is the parameter associated with state xjn , in which the variable Xn
n

was during the j th time interval, given the state of its parents pa(Xn ) during
the j th time intervals;
pa(Xm )
– qxj xj+1
is the parameter associated with the transition from state xjm , in
m

m

which the variable Xm was during the j th time interval, to state xj+1
m , in
which the variable Xm will be during the (j + 1)th time interval, given the
state of its parents pa(Xm ) during the j th and the (j + 1)th time intervals.
Learning algorithm based on log-likelihood score for the CTNB and inference
algorithm for the class of CTBNCs are described in [24].

3
3.1

Max-k Classifiers
Definitions

Structural learning for CTBNs is a polynomial time problem with respect to
the maximum number of parents k. Nevertheless, increasing k, rapidly brings
to considerable computational efforts while implies more data is necessary to
learn the node’s parameters values conditioned on possible parents’ instantiations.
To overcome this limitations we propose the following instances from the class
of CTBNCs; the Max-k Augmented CTNB (Max-k ACTNB) and the Max-k
CTBNC (Max-k CTBNC).
Definition 4. (Max-k Continuous Time Bayesian Network Classifier). A max-k
continuous time Bayesian network classifier is a couple M = {C, k}, where C is a
continuous time Bayesian network classifier C = {ℵ, P (Y )} such that the number
of parents |P a(Xn )| for each attribute node Xn is bounded by a positive integer
k. Formally, the following condition holds; |P a(Xn )| ≤ k, n = 1, 2, ..., N , k ≥ 0.

Definition 5. (Max-k Augmented Continuous Time Naive Bayes). A max-k
augmented continuous time naive Bayes classifier is a max-k continuous time
Bayesian network classifier such that the class node Y belongs to the parents
set of each attribute node Xn , n = 1, 2, ..., N . Formally, the following condition
holds; Y ∈ P a(Xn ), n = 1, 2, ..., N .
ACTNB constraints the class variable Y to be a parent of each node Xn ,
n = 1, 2, ..., N . In this way it tries to compensate for relevant dependencies
between nodes which could be excluded to satisfy the constraint on the maximum
number of parents k.
3.2

Learning

Learning a CTBNC from data consists of learning a CTBN where a specific
node, i.e. the class node Y , does not depend on time. In such a case, the
learning algorithm runs, for each attribute node Xn , n = 1, 2, ..., N , a local search
procedure to find its optimal set of parents, i.e. the set of parents which maximizes
a given score function. Furthermore, for each attribute node Xn , n = 1, 2, ..., N ,
no more than k parents are selected. The structural learning algorithm proposed
in [18] uses a score function (4) based on log-likelihood. This algorithm can be
easily adapted to learn a CTBNC by introducing the constraint that the class
node Y must not depend on time.
3.3

Log-likelihood and Conditional Log-likelihood

Log-likelihood is not the only scoring function which can be used to learn the
structure of a CTBN classifier. Following what presented and discussed in [9],
the log-likelihood function:
LL(M | D) =

P|D|

i=1

log Pℵ (yi | x1i , ..., xJi i ) + log Pℵ (x1i , ..., xJi i ).

(6)

consists of two components; log Pℵ (yi | x1i , ..., xJi i ), which measures the classification capability of the model, and log Pℵ (x1i , ..., xJi i ), which models the dependencies between the nodes.
In [9] the authors remarked that in the case where the number of the attribute
nodes Xn , n = 1, 2, ..., N is large, the contribution, to the scoring function value
(6), of log Pℵ (x1i , ..., xJi i ) overwhelms the contribution of log Pℵ (yi | x1i , ..., xJi i ).
However, the contribution of log Pℵ (x1i , ..., xJi i ) is not directly related to the
classification accuracy achieved by the classifier. Therefore, to improve the
classification performance, in [9] it has been suggested to use the conditional loglikelihood as scoring function. In such a case the maximization of the conditional
log-likelihood results in maximizing the classification performance of the model
without paying specific attention to the discovery of the existing dependencies
between the attribute nodes Xn , n = 1, 2, ..., N .

The conditional log-likelihood of the CTBNC, which can be written as follows:
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consists of class probability (8), posterior probability (9), and denominator (10)
terms. The class probability term is estimated from the dataset D as follows:
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where θy represents the parameter associated with the probability of class y.
From (5) it is possible to write the following:
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Therefore, the posterior probability term is estimated as follows:
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The denominator term, because of the sum, can not be decomposed further.
The sufficient statistics allow us to write the following:
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where pa(Xn ) = {πn ∪ y}, pa0 (Xn ) = {πn ∪ y 0 }, while πn is the instantiation of
the non-class parents of the attribute node Xn .
Unfortunately, no closed form solution exists to compute the optimal value
of the model’s parameters, i.e. those parameters values which maximize the
conditional log-likelihood (7). Therefore, the approach introduced and discussed
in [11] is followed. The scoring function is computed by using the conditional loglikelihood, while parameters values are obtained by using the Bayesian approach
(3).

4

Numerical experiments

The performance of CTBNCs, namely CTNB, K=2 ACTNB, K=2 CTBNC, K=3
CTBNC, and K=4 CTBNC, is compared to that of DBNs by exploiting synthetic
datasets. Classifiers are associated with a suffix related to the scoring function
which has been used for learning. Suffix LL is associated with log-likelihood
scoring while suffix CLL is associated with conditional log-likelihood scoring.
To fairly compare conditional log-likelihood score to log-likelihood score, no
graph’s structure penalization terms have been added to the two score functions.
Numerical experiments for performance estimation and comparison of classifiers
are implemented with 10 folds cross validation.
4.1

Synthetic datasets

Accuracy, learning and inference time of different CTBNCs are compared on
synthetic datasets generated by sampling from models of increasing complexity.
Datasets consist of 1, 000 trajectories with average length ranging from 300
(CTNBs) to 1,400 (K=4 CTBNCs). Analyzed model structures are CTNB, K=2
ACTNB, K=2 CTBNC, K=3 CTBNC, and K=4 CTBNC. For each structure,
different assignments of parameters values (q parameters) are sampled in a given
interval. Each pair, (structure, parameters assignment), is used to generate a
learning dataset. Performance is analyzed on full datasets (100%) and on reduced
datasets, i.e. when the number and the length of trajectories are reduced to:
80%, 60%, 40%, and 20%. Accuracy values on full datasets (100% datasets) are
summarized in Table 1 while Figure 2 depicts how the tested models behave
when reduced datasets (80%, 60%, 40%, 20%) are used for learning.
DBNs are outperformed by all continuous time models while CLL scoring
seems to perform better or at least to be never inferior than LL scoring. Figure
2 shows that CLL scoring strongly outperforms LL scoring when the amount
of data is limited. This is probably due to the effectiveness of CLL scoring to
discover weak dependencies between variables and thus to its tendency to add
the class variable as a parent of all nodes useful for the classification task. On
the contrary, when the amount of data is too low, CLL scoring tends to overfit
by learning classifiers which are too complex. In these cases, LL scoring achieves
poor accuracy too, while the CTNB is the best option (see Fig. 2).

Test
CTNB
K2ACTNB
K2CTBNC
K3CTBNC
K4CTBNC

k=2 k=2 k=2 k=2 k=3 k=3 k=4 k=4
CTNB ACTNBACTNB CTBNCCTBNC CTBNCCTBNC CTBNCCTBNC DBN-DBN(LL) (CLL) (LL) (CLL) (LL) (CLL) (LL) (CLL) NB1 NB2
0.95
0.78
0.68
0.49
0.64

0.95
0.89
0.84
0.65
0.74

0.93
0.92
0.86
0.63
0.79

0.93
0.76
0.85
0.66
0.69

0.92
0.92
0.86
0.63
0.79

0.93
0.76
0.85
0.79
0.76

0.82
0.85
0.76
0.75
0.94

0.93
0.76
0.85
0.79
0.79

0.64
0.72
0.60
0.64
0.90

0.80
0.62
0.48
0.32
0.40

0.81
0.63
0.50
0.33
0.40

Table 1. Classifier’s average accuracy value with respect to different categories of the
dataset generating model, 10 folds cross validation over full datasets (100%). Bolded
characters are associated with the best model with 90% of confidence.

Fig. 2. Percentage of numerical experiments where LL (CLL) achieved a better accuracy
value than the one achieved by CLL (LL) with 90% of confidence. Percentage of numerical
experiments where CTNB achieved a better/comparable accuracy value than the best
accuracy achieved by any continuous time model (bold dotted line) .

Inference times on continuous time models are comparable, while inference
time required by DBNs make them impractical. Structural learning of CTBNCs
with log-likelihood scoring is slightly faster than with conditional log-likelihood
scoring (tables and figures not shown for the sake of brevity).
4.2

Post-stroke rehabilitation dataset

In [26] the authors proposed a movement recognition system to face automatic
post-stroke rehabilitation problem. The idea is to provide the patient with a
system capable to recognize the movements and to inform him/her about the
correctness of the performed rehabilitation exercise. The authors focused on
upper limb post-stroke rehabilitation and provided a dataset of 7 rehabilitation
exercises. For each exercise 120 multivariate trajectories are recorded by using
29 sensors working with a frequency of 30 Hz [25]. Each movement is addressed
separately as classification problem. We focus the attention on 2, and 6 classes
problems where classes are associated with the same number of trajectories.

K=2
K=2
K=2
K=2
K=3
K=3
K=4
K=4
# classes Measure CTNB ACTNBACTNB CTBNCCTBNC CTBNCCTBNC CTBNCCTBNC
(LL) (CLL) (LL) (CLL) (LL) (CLL) (LL) (CLL)
Accuracy 0.98
0.97
0.99
0.87
0.85
0.87
0.92
0.87
0.95
2 classes Precision 0.97
0.97
0.99
0.86
0.85
0.86
0.93
0.86
0.95
Recall 0.98
0.98
0.99
0.88
0.84
0.88
0.92
0.88
0.96
Accuracy 0.91 0.91
0.89
0.81
0.88
0.81
0.88
0.81
0.88
6 classes Precision 0.92 0.91
0.89
0.84
0.89
0.84
0.89
0.84
0.90
Recall 0.90 0.90
0.88
0.81
0.88
0.82
0.88
0.82
0.89

Table 2. Average accuracy, precision and, recall for the post-stroke rehabilitation dataset
(10 folds CV). Bolded characters indicate the best models with 90% of confidence.

Accuracy, precision and recall values achieved by almost all CLL classifiers
are better than the values achieved by their LL counterparts. For the 6 classes
classification problem, in the case where no information about variables’ dependency is available, CLL outperforms LL (Table 2). K=2 ACTNB, learned
with CLL scoring, implements the optimal trade-off between time and accuracy.
Indeed, for both 2 and 6 classes classification problems, the K=2 ACTNB model
when learned with CLL, achieves the highest accuracy value and is the fastest
to learn, because of the small value of the bound on the number of parents. It
is worthwhile to mention that CTBNCs when learned with LL scoring are not
capable to solve the 6 classes classification problem for many assignments of the
priors values. Indeed, it was necessary to evaluate many priors assignments to
achieve an acceptable performance value with LL scoring. On the contrary, CLL
scoring seems to be very robust with respect to priors assignment.

5

Conclusions

A conditional log-likelihood scoring function has been developed to learn continuous time Bayesian network classifiers. A learning algorithm for CTBNCs has been
designed by combining conditional log-likelihood scoring with Bayesian parameter
learning. New classifiers models from the class of CTBNCs have been introduced.
Numerical experiments, on synthetic and real world streaming datasets, confirm
the effectiveness of the proposed approach for CTBNCs learning. Conditional
log-likelihood scoring outperforms log-likelihood scoring and DBNs in terms of
accuracy. This behavior becomes more and more evident as the amount of the
available streaming data become scarce.
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